Journal of Basic and Applied Engineering Research

p-ISSN: 2350-0077; e-ISSN: 2350-0255; Volume 6, Issue 7; July-September, 2019, pp. 385-389

© Krishi Sanskriti Publications
http://www krishisanskriti.org/Publication.html

An Alternative Method for Inference in
Traffic Intensity

Kaustav Dutta' and Amit Choudhury2

'Research Scholar, Department of Statistics, Gauhati University
’Professor (on Lien), Department of Statistics, Gauhati University
E-mail: 'kaustav0708@gmail.com, *achoudhury@rediffimail.com

Abstract—The traffic intensity is perhaps the most widely used
performance measure. We consider the problem of estimating traffic
intensity of the M/M/1 queuing model. We propose an alternative
method of estimating the traffic intensity of the M/M/I queuing
model. The advantage of our method lies in its simplicity. An
approach for determination of sample size is also given.
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1. INTRODUCTION AND LITERATURE REVIEW:

Statistical inference in queuing theory is of recent origin. The
aim is often to find the estimators of different performance
measures of the queuing model. The literature of queuing
theory outlines various performance measures of this model.
The popular ones are average number of customers in the
system (L), average number of customers in the queue (L,),
average waiting time in the system (W), average waiting time
in the queue (W), the server utilization factor or traffic
intensity (p). Typically, numerical analysis of queuing
scenario involves computing these performance measures. In
attempting to do so, a queuing analyst is often handicapped by
the lack of widely accepted statistical procedures to estimate
these performance measures.

There have been two broad approaches in statistical inference
- the Classical and the Bayesian. These two approaches have
their critics and fans. In the classical framework there have
been a number of attempts. The pioneering work in this area is
by Clarke (1957) who obtained maximum likelihood estimates
for the arrival and service parameters of an M/M/1 queue.
Lilliefors (1966) has considered the problem of finding
confidence intervals for the actual M/M/1 traffic intensity
from the maximum likelihood estimates given by Clarke. The
Bayesian approach in the field of inference in queuing theory
largely owes its development to the work by Armeroand
Bayarri (1994a, 1994b, 1999, 2000). Sharma and Kumar
(1999) discussed statistical inference both from frequentist as
well as from Bayesian perspective. Choudhury and Borthakur
(2008) derived Bayes estimators of performance measures
with respect to squared error loss function. Zheng and Seila

(2000) have mathematically established the nonexistence of
expectations and standard errors of common estimators of
performance measures. Chowdhury and Mukherjee (2011)
carried out the estimation of waiting time in the M/M/1 model
in the form of its right tail area known as exceedance
probability. Srinivas et al. (2011)discussed uniform minimum
variance unbiased estimators (UMVUE) and maximum
likelihood estimators (MLE) and suggested the use of UMVU
estimators over ML estimators for some measures and
Chowdhury and Mukherjee (2013) constructed the MLE and
Bayes estimator of p considering the M/M/1 queuing model.
Srinivas and Udupa (2014) developed best unbiased
estimation and CAN property for performance measures in a
stable M/M/1 Queue depending on system size at departure
epochs. Srinivas and Kale (2016) obtained ML and UMVU
estimation of performance measures in the M/D/1 queuing
system. Recently, under Bayesian framework, Cruz et al.
(2017) discussed Bayesian estimation in M/M/S model by
generating data at departure epoch. They used beta distribution
as prior for p. Almeida and Cruz (2017) studied M/M/I
queuing model by considering the number of customers left
behind in the system at departure epochs. They used Jeffreys
prior to obtain the posterior distributions of some parameters
of interest and compared Choudhury and Borthakur (2008)
priors Beta and Truncated Uniform prior via simulation with
the Jeffreys prior and concluded that all the three priors could
be considered acceptable.

Very recently, Suyama et al. (2018) considered Markovian
multi server queues where they derived MLE of p in the
M/M/s queues and showed that the estimate is equivalent to
the moment estimator. Choudhury and Basak (2018)
considered the M/M/1 model and constructed MLE of p and
discussed its theoretical properties — consistency, complete
sufficiency and unbiasedness. Cruz et al. (2018) considered
M/M/1/k queuing model where they extended results for
infinite Markovian queues to finite Markovian queues.

This paper is structured as follows. Section 2 contains the
description of M/M/1 queue. Section 3 provides the procedure
of estimating the traffic intensity. Section 4 contains sample
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size determination and theoretical framework is given in A w2 Azi-uz, z,M1z,m271(1)

section 5. Section 6 contains our analysis. Section 7 provides T Ty)

our discussion. Section 8 concludes our paper. We know make the following transformation
Z:

2. THE M/M/1 QUEUING SYSTEM: us = Jrandu, = 2(2)

The single server Markovian queue is a queuing system with  The Jacobian of transformation is

the following assumptions. dzy dz,

dus dus 0 Uy

L. The time between the successive arrival of the customers  |j| = iy a =1,
. Z Z:
is random and follows exp(1). dzy dzz| - |1y
duy duy
II. The time required to serve each customer by the server  We have from (1)
i.e. the service time distribution is also random and N L L
follows exp(u). fuzuy) = ﬁe_ HaTHUs T (U3uy )2 T Uy, U3 > 0,
III. There is only one server. u, >0
.. . _AM pm2 —AUg—UU3U4,, Nq+Ny—1,, Np—1
IV. System Capacity is infinite. T T T e Uy Uz
V. The customers are served on First Come First Serve *
basis (FCFS). “flus) = | f(uzug)duy,
0
VI. Calling population is infinite. _ (e AM "2 —Aug—puztisy, Jatmesly ne=t gy,

~Jo r(ny) T(ny)

Any queuing analyst has the general interest to evaluate the Mz Tgemy)

E)(e_:}rformatzlcicrI mgas;gg;) of this model. These measures are ) Ty U3 ity 72
ross and Harris, = 2 A s T >0
I. Mean system size (L), L = A/(u — 4) Us I(n)T(ny) 3 (A+uug)mitnz 7 73 ’
We have,

II. Mean queue size (Lg), L,=A%/(u(u — 1))
III.  Average waiting time in system (W), W = 1/(u — 1) E(ua)= fo usf (us)dus

o AT N2 n, _ L(itny)

IV. Average waiting time in queue (W), W, = “Jo TopTmp) ™ Gapug)iitnz dusg
A -1
V. Traffic intensity (p), p = 4/u (In order to ensure that the ! A 2 K
ny A

queue size does not explode, it is necessary that p < 1) =

ni-1u
3. ESTIMATION OF TRAFFIC INTENSITY E(nl 1u3)7_(4)
Let x1,X3,...,X,, be independent and identically distributed
random samples of size n;from inter arrival time whose
distribution is exponential with parameter A and let Again

Y1,¥2,--¥n, be independent and identically distributed ) )
random samples of size n,from service time whose F (”1_1 u3) = f:’ (”1_‘1 u3) f(uz)dus
distribution is exponential with parameter p. It is also assumed 2 2

that xq,%5,...,%,, andyy,y5,. ..,yn,are mutually independent. :(nl—l)z foo M pn2 u nzt2-1_Latns)
s ny /70 I(n)I(ny) > (Atpugyrtnz =3
N(;L\:/, further define z, = Zizlﬁfi fy.(nl,l) and z, = _ (n1 1) I (ny+ny) B(ny — 2,1y 4 2) (i)z
2;2,Yj ~v (g, ). Then, the distribution of zjand z,, ny ) Tn)r(ng) 1= 4 u
respectively is given by (Rohatgi &Ehsanes Saleh ,2001) (a4 )(ma-1) ( &)2(5)
Am _ na(ng-2) \u
f(Zl) = F(nl)e /12121111 I’Zl >0 ny—1 (ny+n,-1)
1~ 1 2 .
Fo) = A g 1 (B7s) = SR () wsing @ ana )
Zy) = e Hzz 27 7, >0
r
(n2) o ) So V(n1 1u3) -0asn, - o,n, - ©
We have the Jomt distribution of z;and z, is
ny
f(z125) = r( 3 e Mz m” 1;: ¢ THr2zme z, >0,
Zy, >0
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Again from (3),
AM Nz I'(ny +n
flus) = a uz"2t (m + 1) ,
I'(ny) I['(ny) (4 + pug)mtnz
u; >0

T'(ni+ny) n

-G e
p (1+%)n1+n2r(n1)r(nz) 3

=g(t,p)h(uz) where t = us

Hence, by using Neymann Factorization Theorem, u; is a
sufficient estimator of p.

ny—

. 1 . . .
ie. U is a sufficient estimator of p.

nz

4. DETERMINATION OF SAMPLE SIZE

We generate a sample of inter arrival times using simulation
technique under the Markovian setup with parameter A.
Similarly, we shall generate a sample from service time using
simulation technique under Markovian setup with parameter p.
The simulation technique used to carry out our study is the
method of inverse transformation. The algorithm is discussed
by H.A. TAHA (1988)

We simulate random samples of inter-arrival times and service
times under Markovian setup with different combination of A
and p. For each of the pairs of A and p we obtain estimates of
traffic intensity using various combination of sample sizes for
inter arrival times of the customers (n;) and service time of
the customers (n,) respectively. Using the above procedure,
we simulate 8000 estimates of the traffic intensity for each
pair of sample sizes.

5. THEORETICAL FRAMEWORK

Now regarding the estimates of traffic intensity, Zheng and
Seila (2000) prescribed “ If, after collecting samples of
interarrival times and service times, the sample traffic
intensity, p, larger than p, (wherep, is a known constant), the
powould be used in place p in the substitution estimators”.

Regarding the value p,, Dutta and Choudhury (in press)
prescribed that “In practice, an analyst can generally specify
an upper bound on the acceptable level of system congestion,
i.e., an upper bound on the acceptable values of p. Call this
upper bound p*. Then, p, should be so chosen that it is as
close to p” as possible (in the range p* < py < 1)”.

6. ANALYSIS
For analysis we considered the following typical choices of A
and u.

1. A»=12,u=15
2. A=10,u=16
3. A=16,u=18

we consider following possible choices of pg.
For case 1 p,=0.82, 0.85
For case 2. py=0.65,0.67

For case 3. po=10.91,0.93

For the typical choice of A and u as stated above, we generate
random samples of inter arrival times and service times for the
following sample sizes viz.

n,=(25,50,75,100,125) and
n,= (25,50,75,100,125)

Now, we perform homogeneity of variance test between two
pairs of ny and n,. If for any two pair, the test shows non-
significant results. Then we will accept the hypothesis of
equality of variance. There will be no need of increasing the
sample size after that. And the pair of n, and n, could be
considered as the required sample size.

We shall perform Brown- Forsythe test for homogeneity of
variance. The reason behind it is that it is more robust and is
relatively insensitive to departures from normality (Brown and
Forsythe, 1974).

We place below the results for the first case due to constraint
of space.

Table 1: Brown Forsythe Test for A= 12, p = 15 with n; and n,
pairs (25,100), (25,125) and py= 0.82

Brown Forsythe Test
Sum of df Mean F Sig.
Squares Square
Between 008 1 008 | 1771 | 183
Groups
Within 75526 | 15998 | 005
Groups
Total 75.534 15999

Table 2: Brown Forsythe Test for A= 12, p = 15 with n4 and n,
pairs (100,25), (125,25) and po= 0.82

Brown Forsythe Test

Sum of df Mean F Sig.
Squares Square
Between 001 1 001 186 | .666
Groups
Within Groups 93.836 15998 .006
Total 93.837 15999

Table 3: Brown Forsythe Test for A= 12, p = 15 with n4 and n,
pairs (25,100), (25,125) and po= 0.85

Brown Forsythe Test
Sum of df Mean F Sig.
Squares Square
Between 016 1 016 3.569| .059
Groups
Within 69.488| 15998 004
Groups
Total 69.504| 15999
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Table 4: Brown Forsythe Test for A= 12, p = 15 with n; and n,
pairs (100,25), (125,25) and po= 0.85

Brown Forsythe Test
Sum of df Mean F Sig.
Squares Square
Between 000 1 000 | .087 | 768
Groups
Within Groups 85.342 15998 .005
Total 85.343 15999

7. DISCUSSION

Table 1 gives the Brown Forsythe Test for A= 12, p = 15 with
n, and n, pairs (25,100), (25,125) and p,= 0.82. we observe
that p value = 0.183> 0.05. so, we can accept our null
hypothesis of homogeneity of variance. There will be no need
of increasing the sample size after that.

Table 2 gives the Brown Forsythe Test for A= 12, p = 15 with

n, and n, pairs (100,25), (125,25) and p,= 0.82. we observe
that p value = 0.666> 0.05. so, we can accept our null
hypothesis of homogeneity of variance. There will be no need
of increasing the sample size after that.

Table 3 gives the Brown Forsythe Test for A= 12, p = 15 with
n, and n, pairs (25,100), (25,125) and p,= 0.85. we observe
that p value = 0.059 > 0.05. so, we can accept our null
hypothesis of homogeneity of variance. There will be no need
of increasing the sample size after that.

Table 4 gives the Brown Forsythe Test for A= 12, p = 15 with
n, and n, pairs (100,25), (125,25) and py= 0.85. we observe
that p value = 0.768> 0.05. so, we can accept our null
hypothesis of homogeneity of variance. There will be no need
of increasing the sample size after that.

8. CONCLUSION

From above discussion we can observe that the hypothesis of
homogeneity of variance can be accepted for a total sample of
size 125 (approx.). We therefore prescribe that a minimum
total sample size of 125 may be used in such a manner that
one of the components (n; or n,) is at least 25.

A caveat is in order. The conclusion that we have drawn is on
the basis of simulation. We invite other researchers to carry
out similar exercises and confirm or improve upon our
conclusion.
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